Abstract. Let C be a smooth connected projective curve of genus > 1 over an algebraically closed field k of characteristic p > 0, and c ∈ k \ Fp. Let Bun N be the stack of rank N vector bundles on C and L det the line bundle on Bun N given by determinant of derived global sections. We construct an equivalence of derived categories of modules for certain localizations of twisted crystalline differential operator algebras
Introduction
Fix an algebraic curve C and a reductive group G. The geometric Langlands correspondence (GLC) is a conjectural equivalence of derived categories between Dmodules on the moduli space Bun G of G-bundles on C and quasi-coherent sheaves on the moduli space LocL G of local systems for the Langlands dual group L G. It has a classical (commutative) limit which amounts to the derived equivalence of Fourier-Mukai type between Hitchin fibrations for G and L G. The latter is a fibration T * Bun G → B over an affine space with generic fibers being abelian varieties (or a little more general commutative group stacks).
In [2] , a characteristic p version of GLC is established. Namely, the setup of crystalline (i. e. without divided powers) D-modules in positive characteristic is considered. In this setting, the category of D-modules does not get far from its classical limit: it is described by a G m -gerbe on the Frobenius twist of the cotangent bundle. So the GLC becomes a twisted version of its classical limit. Based on this reasoning, the GLC is constructed "generically" for the case of general linear group G = GL N .
In this paper, we apply the same technique to the quantum version of GLC. This deformation of GLC has the same classical limit, but now both sides are "quantized." So in characteristic p we get (generically) a twisted version of the same Fourier-Mukai transform. However, the proof that the twistings on both sides are interchanged by the Fourier-Mukai transform is more complicated than in the case of usual GLC, and contains several new ingredients. Also, we restrict to the case of irrational parameter c because there is a certain degeneration happening at rational c.
First, we need a description of the category of modules for a twisted differential operator (TDO) algebra. The center of a TDO was already described in [3] , but the description of the corresponding gerbe presented here seems to be new. A convenient language for this turns out to be that of extended curvature-an invariant of a line bundle with a (not necessarily flat) connection taking values in a canonical coherent sheaf F on the Frobenius twist of the variety. This is a generalization of the p-curvature of flat connections. Just as with the usual p-curvature, every section of F defines a gerbe whose splittings correspond to connections with that extended curvature. Now, if L is a line bundle and c ∈ k \ F p then the gerbe describing D L c corresponds to c · α L where α L is the extended curvature of the pullback of L to the associated twisted cotangent, equipped with the canonical ("universal") connection.
We then apply this to the determinant bundle on Bun whose corresponding twisted cotangent is identified with Loc. So, to construct the desired equivalence, we have to split a gerbe on the fiber product of dual p-Hitchin fibrations Loc → B (1) . (Although for GL N the p-Hitchin fibrations are the same, we use differently scaled projections to the Hitchin base.) This is done by constructing an explicit line bundle with connection on this fiber product. The problem then reduces to proving certain equality involvingθ = α L for L being the determinant bundle on Bun, and the torsor structure on the p-Hitchin fibration.
We prove this property for another sectionθ 0 of F Loc and then show thatθ =θ 0 . The sectionθ 0 is constructed from a vector field ξ 0 on Loc lifting the differential of the standard G m -action on the Hitchin base. This vector field comes from an action of fiberwise dilations of T * C (1) on the gerbe describing D-modules. Such structure is not unique (it depends on the choice of lifting of C to the 2nd Witt vectors of k), however the corresponding vector fields ξ 0 all differ by Hamiltonian vector fields and give rise to the sameθ 0 .
This version of the text contains only a sketch of some of the arguments (and some proofs are missing). A more detailed exposition will be presented in the next versions of the paper.
1.1. Quantum geometric Langlands conjecture. Let C be a smooth irreducible projective curve of genus g > 1 over an algebraically closed field k of characteristic 0 and G a reductive algebraic group. We denote by Bun G = Bun G (C) the moduli stack of G-bundles on C. The quantum geometric Langlands correspondence is a conjectural equivalence between certain derived categories of twisted D-modules on Bun G and BunL G where L G denotes the Langlands dual group. The twistings should correspond to invariant bilinear forms on the Lie algebras of G and L G that induce dual forms on the Cartan subalgebras (up to the shift by the critical level). When one of the forms tends to 0 the other tends to infinity, which corresponds to degeneration of the TDO algebra into a commutative algebra of functions on a twisted cotangent bundle to Bun G . This shows that the quantum geometric Langlands is a deformation of the classical geometric Langlands, which is an equivalence between the category of (certain) D-modules on Bun G and the category of (certain) quasi-coherent sheaves on the stack LocL G of L G-local systems on C.
We will be interested in the case G = GL N -the general linear group. In this case, we think of the quantum Langlands correspondence as the equivalence 1.2. The characteristic p case: classical story. In [2] , R. Bezrukavnikov and A. Braverman established a version of the classical geometric Langlands correspondence for "crystalline" D-modules over a field k of characteristic p > 0. Recall that, for a smooth scheme X over k, the sheaf D X of crystalline differential operators is defined as the universal enveloping algebra of the Lie algebroid T X of vector fields on X. The main tool for studying modules over such algebras is their Azumaya property (see [3] ). Namely, D X turns out to be isomorphic to (the pushforward to X of) an Azumaya algebraD X on T * X (1) -the cotangent bundle to the Frobenius twist of X. This allows one to identify the category of D-modules on X with the category of coherent sheaves on a G m -gerbe on T * X (1) . This observation is generalized in [2] to the case of (a certain class of) algebraic stacks. Namely, for an irreducible smooth Artin stack Y over k with dim The stack Bun N is almost "good," namely, it locally looks like product of a good stack and BG m . So one can apply the above construction to Y = Bun N to get an Azumaya algebra on T * Bun
(1) N = Higgs (1) . The latter stack is the total space of the Hitchin fibration χ (1) : Higgs (1) → B (1) whose generic fibers are Picard stacks of (spectral) curves. On the dual side, one has the "p-Hitchin" map Loc → B (1) given by p-curvature. Generic fibers of this map are torsors over the same Picard stacks, and each point of such a torsor (which corresponds to G-local system on C with given spectral curve) gives a splitting ofD Bun on the corresponding fiber of χ (1) . This splitting defines a Hecke eigensheaf corresponding to the local system. The geometric Langlands is thus realized as a twisted version of Fourier-Mukai transform.
1.3. Quantum story. In this paper, the same ideas are applied to quantum geometric Langlands correspondence. To that end, we generalize the above Azumaya algebra construction to the case of twisted differential operators. The only TDO algebras we will encounter are of the form D L c where L is a line bundle and c ∈ k (and external tensor products of such). In this case, the situation is essentially analogous to the non-twisted case, except that the Azumaya algebra will now live on the twisted cotangent bundle, where the twisting is given by (c p − c) times the Chern class of L (1) (cf. [3] ). We will only consider the case of irrational c (i. e. c ∈ F p ): in this case one can identify this twisted cotangent bundle with the Frobenius twist of the spaceT * L X of 0-jets of connections on L. This is discussed in 2.3. It is not hard to extend it to the stack case using the above-mentioned results from [2] for usual D-modules on stacks. Thus, for a line bundle L on a good stack Y , one gets an Azumaya algebraD Y ,L c on the smooth part of (T * L Y ) (1) . (For a discussion of twisted cotangent bundles to stacks, see A.1.) 1.3.1. Main result. We apply this to the determinant bundle L det on Bun. One can check (see Appendix A) that the corresponding twisted cotangent is identified with the moduli space Loc ω 1/2 of rank N bundles on C endowed with an action of the TDO algebra D ω 1/2 . In fact, we can identify Loc ω 1/2 with Loc by tensoring bundles with ω ⊗(p−1)/2 . Thus, both sides of the quantum Langlands are described (again, generically over the Hitchin base) by certain gerbes on (Loc 0 ) (1) . Here Loc 0 = Loc × B (1) (B 0 ) (1) and B 0 ⊂ B is the open part parametrizing smooth spectral curves. Using the p-Hitchin map as above (this time to B (2) ), we see that these gerbes live on two torsors over the relative Picard stack mentioned above. So we get again two "twisted versions" of the derived category of coherent sheaves on this Picard stack. In contrast to the classical (non-quantum) case, however, we have both "torsor" and "gerby" twists on each side. These two kinds of twists are interchanged by Fourier-Mukai duality.
In other words, we prove the following:
There is an equivalence between bounded derived categories of modules
where the projection from the second factor to B (2) is modified by the action of c p ∈ G m . If we choose, locally on B (2) , a trivialization of the torsor 
Note that, although the underlying spaces of the torsors are the same on both sides (namely (Loc 0 ) (1) ), in order to make the duality work, one has to normalize the projection to B (2) differently. This can also be guessed by considering what happens at rational c (including c = 0, ∞).
Extended curvature.
So, all we need to check is that the torsors with gerbes corresponding to D c and D −1/c are interchanged by Fourier-Mukai duality. For that purpose we need a description of gerbes attached to TDO algebras. Recall that in the non-twisted case, the splittings ofD X on an open subset U (1) ⊂ T * X (1) correspond to line bundles on U with flat connection of p-curvature equal to the canonical 1-form on T * X (1) . To extend this description to the TDO case, we introduce a generalization of the notion of p-curvature to non-flat connections. For a line bundle L with connection ∇ on a smooth variety X, we define in 2.4 a section curv(L, ∇) (called the extended curvature) of the quotient sheaf F X of Ω 1 X by locally exact forms. This sheaf maps to Ω 2 X via de Rham differential; this map carries curv(L, ∇) to the usual curvature. On the other hand, for flat connections, curv(L, ∇) is a section of closed modulo exact forms, which corresponds to the p-curvature of ∇ under Cartier isomorphism. This construction also allows, starting from a section α ∈ F X (such a section will sometimes be referred to as a generalized one-form), to define a G m -gerbe on X (1) : its splittings correspond to line bundles with connection whose extended curvature is equal to α. Now, the pullback of any line bundle L to its associated twisted cotangentT * L X acquires a canonical connection. If α L denotes the extended curvature of this connection, the gerbe on (T * L X) (1) corresponding to the Azumaya algebraD L c for c ∈ k \ F p is obtained from the above construction applied to cα L .
1.3.3. The Poincaré bundle. Then we construct an explicit kernel of the equivalence (an analogue of the Poincaré bundle). This is a line bundle with connection on the fiber product of two copies of Loc 0 over the Hitchin base (see formula (13)). The construction is similar to that of Poincaré bundle on the square of the Picard stack of a curve:
Namely, the determinant bundle on the Picard stack gets replaced by the determinant bundle on Loc 0 with "tautological" connection (the same one that is used to describe the gerbe on (Loc 0 ) (1) ), while the role of tensor product of line bundles is played by the addition map on the fibers of the p-Hitchin map:
Here subscripts indicate scaling of the projection to the Hitchin base. The fiber of Loc 0 c classifies splittings on the spectral curve of the gerbe corresponding to the canonical 1-form on T * C (1) multiplied by c. This map can then be thought of as "tensoring over the spectral curve."
The main difficulty is then to check that this bundle with connection has the correct p-curvature. This reduces to a certain linear equality on the extended curvatures (formula (15)). This formula can be interpreted as a kind of additivity of the generalized one-form c −1θ on Loc 0 c with respect to the addition maps above, whereθ denotes the extended curvature of the tautological connection on the determinant bundle.
1.3.4. Antiderivative of the symplectic form on Loc. In 3.1, we construct another generalized one-formθ 0 on Loc 0 (actually on the maximal smooth part of Loc) whose image in Ω 2 coincides with that ofθ (both are equal to the symplectic form on Loc 0 ) but whose behavior with respect to the p-Hitchin map is more controllable. We prove the additivity property for it, and then show thatθ =θ 0 . In fact,θ 0 lifts to an actual antiderivative θ 0 of the symplectic form. Such antiderivatives correspond bijectively to Liouville vector fields. We construct such a vector field using an equivariant structure of the gerbe on T * C (1) under the Euler vector field. Such structures correspond to liftings of C to the 2nd Witt vectors of k. Sincẽ θ −θ 0 is closed, it corresponds by Cartier to a 1-form β 0 on (Loc 0 ) (1) and we have to prove that it is 0.
The definition of Loc c above makes sense for all c ∈ k; in particular, for c = 0 it gives Loc 0 = Higgs (1) . On Higgs (1) we have the canonical 1-form θ
Higgs (as on a cotangent bundle). We prove that bothθ and θ 0 are compatible with θ In the beginning of Section 3 we prove this forθ. It is enough to prove it on the image of the Abel-Jacobi map in Higgs, which in turn reduces to studying how the determinant bundle (with connection) on Loc 0 changes when we twist the local system by a point of its p-spectral curve. For θ 0 this property this is proved as part of the additivity for θ 0 . (In fact, the additive family of 1-forms on Loc 0 c constructed in 3.1 specializes to θ 0 for c = 1 and to θ (1) Higgs for c = 0.) From this we conclude that β 0 descends to the Hitchin base. On the other hand, in 3.2 we study the behavior of β 0 with respect to the projection Loc → Bun. First, by a degree estimate we show that the restriction to the fibers of this projection have constant coefficients. Then, a global argument shows that in fact this restriction must be 0. The fibers of the two projections Loc → B (1) and Loc → Bun are generically transversal (at least, we know how to prove this for one of the components of Loc assuming C is ordinary), which gives the desired equality β 0 = 0.
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where the square is Cartesian. We call the S-scheme X (S) π
− −− → S the relative Frobenius twist of X over S, and call Fr X/S the relative Frobenius morphism. We will denote by • (S) the pullback by Fr S/Fp or W X/S . In the case S = Spec k we will drop "S" and write Fr X and X
(1) instead of Fr X/S and X (S) . The k'th iterate of
λ-connections.
Recall that a λ-connection on a vector bundle E on a smooth variety X is a k-linear morphism of sheaves ∇ :
where E is the sheaf of sections of E.
Define the curvature of a λ-connection ∇ to be the section F ∇ of Ω 2 ⊗ End E corresponding to the O-linear map ∇ 2 : E → Ω 2 ⊗ E where ∇ is extended to Ω
• ⊗ E by the following "Leibnitz rule":
An alternative definition of F ∇ is that for any ξ, η ∈ Vect we must have
If F ∇ = 0, we say that ∇ is flat.
∇ is a connection, and vice versa. In this case, the curvature of a λ-connection can be expressed in terms of the ordinary curvature:
The case λ = 0 can be thought of as a limit when λ → 0. In particular if E is trivialized, and
Vector bundles with a flat λ-connection correspond to O-flat O-coherent modules over the algebra D λ which is the universal enveloping algebra of the Lie algebroid Vect λ = Vect over O with rescaled commutator:
where ξ in the LHS is regarded as a fiberwise linear function on T * X, andξ in the RHS is the corresponding element in D λ . For λ = 0 the inclusion is just the Frobenius map Fr * : O T * X (1) → O T * X . We can then define the p-spectral variety of a λ-connection ∇ on a vector bundle E as the support of the corresponding D λ -module regarded as an O T * X (1) -module. By the p-curvature map of ∇ we will mean the map curv p (∇) :
For a line bundle L on X and λ ∈ k, define a torsor Conn λ (L) over T * X whose sections are λ-connections on L.
for λ = 0 and to T * X for λ = 0.
Twisted differential operators.
If X is a smooth algebraic variety and L is a line bundle on it, we define a sheaf of algebras D L c (X) for any c ∈ k as follows: For any local trivialization φ :
c, (X) as follows. Let π :X → X be the principal G m -bundle corresponding to L. Denote by D (X) the algebra of "differential operators with parameter," that is, the algebra
Here we introduce its TDO analog. For ξ ∈ VectX letξ be the corresponding element in 
for any λ ∈ k × . The specialization c → 0 gives the algebra D defined above, and in particular,
X is again the appropriate projection to X). One can also check that specialization → 1 recovers the algebra D L c from 2.3. Taking the isomorphism (1) into account, we can summarize:
The following theorem is a generalization of Proposition 2:
) which is an isomorphism if and only if
is an Azumaya algebra over Z c0, 0 . (3) The isomorphism (1) is compatible with the G m -action on Z given by scaling connections by λ p .
gives a section of the bundle Z c, over X (1) defined above (we've changed notation from c 0 , 0 to c, ). Denote by D L,∇0 c, the pullback of D L c, to this section. It is an Azumaya algebra on X (1) . If = 1 and
correspond to pairs (E, ∇) where E is a vector bundle on X and ∇ is a connection on E such that
0 . (The operators in the RHS are always multiplication by a function 2 (resp. a twoform), and we want the LHS to be multiplication by the same function (resp. two-form), though on a different bundle.)
More generally, for arbitrary c,
where E is a bundle (or a quasi-coherent sheaf) and ∇ is an -connection on E satisfying
for any ξ ∈ Vect, where
is a 1-form on X (1) . The formulas from previous paragraph can be obtained by substitution α = 0. If ∇ 1 is replaced by ∇ 1 + β then ∇ is replaced by ∇ + cβ. If ∇ 1 is flat then the RHS of (3) can be expressed as Fr * X c p−1 θ −α, ξ (1) where θ = curv p (∇ 1 ), so the condition (3) is equivalent to the connection ∇ 1 being flat and having p-curvature c
canonically splits. We will denote by D L c ,∇0 the specialization of D L,∇0 c, at = 1. It is possible to reformulate the conditions (2) and (3) in a more invariant way using the following construction (we will do it only for = 1).
2.4. Extended curvature. Let X be a smooth variety. Define a (coherent) sheaf
Then we also have an exact sequence
where P is induced by (the inverse of) Cartier isomorphism Coker(
X and C is the Cartier operation. It is immediate from the definition that
2 which is a pullback from X (1)
If we define κ : Ω 1 X → F X by setting κ(ω) = P(ω (1) ) − δ(ω) then we will have an exact sequence
(Unlike (4) and (5), (7) is not k-linear.) Now, if (L, ∇) is a line bundle with connection, we define its extended curvature curv(L, ∇) ∈ Γ(X, F X ) to be locally given by
It is clear from (7) that this is independent of the trivialization, and that Q( curv(L, ∇)) = F ∇ -the usual curvature of ∇.
2.5. Connections on determinant bundles. We already said before that we identify the twisted cotangent bundle corresponding to the determinant line bundle on Bun G . For that (and for later use) we'll need some facts about connections on determinants. So let π : X → S be a smooth projective morphism of relative dimension 1, and let E be a vector bundle (or an S-flat coherent sheaf) on X. We are interested in the line bundle det Rπ * E. Define the sheaf of relative differentials Ω 1 X/S = ω X/S as usual. By an "S-relative connection" on E we mean a map E → Ω 1 X/S ⊗ E satisfying the usual Leibnitz rule. Proposition 4. Suppose X is a trivial family, i. e. X = X 0 × S for some curve X 0 .
(1) Let E be as above, and ∇ an S-relative connection on E ⊗ ω 1/2 X/S . Then there is a canonical connection on the line bundle det Rπ * E. (2) Let E, E ′ , E ′′ be three sheaves equipped with the data of point 1, and we have an exact sequence
compatible with connections. Then the corresponding isomorphism det Rπ * E ∼ = det Rπ * E ′ ⊗ det Rπ * E ′′ is also compatible with connections.
Plan of the proof of Theorem 1
Proposition 5. Suppose X is a variety (or a stack) and π : A → X, π ∨ : A ∨ → X are dual families of abelian varieties. Suppose we have a torsor T → X for A → X and a gerbe G on T with a fixed degree of the splitting. Then there is a canonical dual torsor T ∨ over A ∨ and a gerbe G ∨ on it such that the derived categories of coherent modules over G and G ∨ are equivalent.
Idea of proof. When the torsor T and the gerbe G are trivial, we can take T ∨ and G ∨ to be trivial, and use (the in-families version of) the usual Fourier-Mukai transform. In general choose a (say,étale) coverX of X on which T and G trivialize so that we can apply the trivial case to get an equivalence overX, and then use properties of the Fourier-Mukai transform (namely, that it interchanges shifts along A with twists by line bundles) to descend it to X.
We will apply the above proposition to
. This is equivalent to the existence of an "action" on the gerbe G of the gerbe G 1 on A = (Higgs 0 ) (2) where G 1 is dual to the torsorT
G 1 satisfying a cocycle condition. Now note that the gerbe G corresponds to the algebra D L c det ,∇ where L det is the pullback of the determinant line bundle, and ∇ is the canonical ("universal") connection on this pullback. One can also show that G 1 is given by the Azumaya algebra D c p θ (Higgs 0 ). Now the statement follows from the results of 2.3.1 and the following proposition (whose statement does not depend on c).
Proposition 6. The line bundle with connection
on Γ is flat and has p-curvature pr * 3 θ (2) .
If we defineθ = curv(L det , ∇) then Proposition 6 implies the following identity:
where P, κ, δ are defined in 2.4. For the proof of this proposition we will need the following lemma which will also be useful later.
Lemma 7. Let Pic(C) denote the Picard stack of a smooth projective curveC. Let pr 1 , a : Pic(C) ×C → Pic(C) be the projection and addition maps, respectively (a is obtained from the Abel-Jacobi map). If L is a line bundle on Pic(C) such that pr *
We will prove that the restriction of the line bundle from Proposition 6 to the preimage Γ AJ in Γ of the image of Abel-Jacobi map in Higgs 0 = Pic B 0 (C 0 ) under pr 3 is flat and has p-curvature pr * 3 θ (2) . This will follow from an alternative description of this bundle with connection. Namely, we have an equivalence D C -mod ∼ D T * C,θ -mod (θ is the canonical form on T * C). Moreover, the "in-families" version of this is true. So if Z is any stack then the category of "Z
(1) -families of D C -modules" (i. e. quasi-coherent sheaves on C × Z (1) equipped with a connection along C) is equivalent to the category of D T * C×Z ,pr * 1 θ -modules. If we replace C by C
(1) and Z by Loc 0 then we have the universal bundle with connection (along C (1) ) on C Proof. We will first construct an isomorphism of line bundles, and then prove that it is compatible with connections. From the definition of Γ AJ it is easy to see that a point γ ∈ Γ AJ corresponds to a pair of rank N bundles with ω 1/2 -connections (E 1 , ∇ 1 ), (E 2 , ∇ 2 ) that fit into a short exact sequence of D C,ω 1/2 -modules
where F ∼ = δ x,ξ is an irreducible D C,ω 1/2 -module corresponding to a point (x, ξ) ∈ T * C (1) . Now recall that the fiber of S at γ is given by det RΓ(
. Let
They are supported on the Frobenius neighborhood ofC in T * C, and L 1 /L 2 is the irreducible corresponding to F ′ , which is supported at (x,ξ). From the definition of the equivalence
Unraveling the definition of L univ , one can see that its fiber at γ is identified with
Saying this for γ being an S-point for arbitrary scheme S, we can thus prove that L univ and S become isomorphic after pullback to Γ AJ × C (1) C. To prove that they are isomorphic on Γ AJ , we'll use the following Claim 9. Let π : T → S be a smooth morphism of relative dimension 1. Let φ : T →T := T (1) × S (1) S be the relative Frobenius map, and L a line bundle on T . Then there is a canonical isomorphism
where L (S) is the "relative Frobenius twist" of L: it is the pullback of L (1) along the mapT → T (1) . Now suppose we are given an S-point γ of Γ. It corresponds to a sequence (9) of (O S ⊠ D C,ω 1/2 )-modules where E 1 , E 2 are rank N vector bundles on S × C, and F is a line bundle on supp F = S × C (1) C ⊂ S × C for a certain x : S → C (1) . Just as before, we have S γ = det Rπ * F where π is the projection S × C → S. Now note that
(1) be the graph of x. Then Rπ * F = ((id S × Fr C ) * E 1 )| Γx . Now, Claim 9 gives
.
We claim that the right-hand side is canonically identified with (L univ ) γ . To prove that this isomorphism is compatible with connections, we will need the following statement: T /S -connection and assume that F is a pushforward of a line bundle L on the closed subset Z = S × s,T (S) T . Let ∇ det be the connection on L ′ := det Rπ * F given by Proposition 4. Let w : S → Z be the (k-semilinear) map such chat ι Z •w = W T /S •s. Then ∇ F gives rise to a connection
). The two line bundles with connection are related by
wheres : T * (T (S) /S) = T * C (1) × S is the section of T * (T (S) /S) → S whose image is the p-support of (F , ∇ F ) and θ is the pullback of the canonical 1-form on T * C (1) under the projection
Proposition 6 (at least, restricted to Γ AJ ) is an immediate consequence of Lemma 8. Denote by T c = Loc
pulled back from the standard torsor Loc
. Now, to prove Theorem 1, we need to construct a line bundle (L, ∇) ker with connection on
The sought-for bundle with connection will be given by
where (L det , ∇) is the universal line bundle with connection on Loc, and a is the "addition" map T 1 × (B 0 ) (1) T c → T 1+c (one can check that the torsor T 1+c is the sum of the torsors T 1 and T c ). Defineθ = curv(L, ∇) det . Then substituting (13) in (12) yields
So we need to show that
To prove formula (15), we proceed as follows. Letα = (1 + c) −1 a * θ − pr * 1θ − c −1 pr * 2θ ; we want to proveα = 0. Consider the two projections pr 1,3 , pr 2,3 :
As a first step, we prove that the difference between two pullbacks pr * 1,3α − pr * 2,3α = 0. Let pr ′ i (i = 1, 2, 3) be the projection from T 1 × (B 0 ) (1) T 1 × (B 0 ) (1) T c to the i'th factor, and a i,3 = a • pr i,3 (i = 1, 2). We also have a "difference" map s : 
where in the last line we used formula (8).
The formula (16) implies thatα = pr * 2α
. Similarly, we can show thatα = pr * 1α
for someβ ∈ Γ(B 0 , F B 0 ). So we need to show thatβ = 0.
Alternative construction ofθ.
Let Ω Loc be the canonical symplectic form on the smooth part Loc sm of Loc, so that Ω Loc = F ∇ det . We will construct a 1-form θ 0 on Loc sm such that Ω Loc = dθ 0 and δ(θ 0 ) =θ (where δ is defined in 2.4). Since Ω Loc is symplectic, constructing θ 0 satisfying the first condition is equivalent to constructing a vector field ξ 0 which is Liouville, i. e. L ξ0 Ω Loc = Ω Loc where L denotes the Lie derivative.
First, we need another interpretation of the form Ω Loc . Note that for a G mgerbe G on a smooth variety X, and two G-modules M and N with proper support, we have the following version of Serre duality:
where ω X is the sheaf of top degree differential forms on X. In particular, if X is a symplectic surface and M = N , we have a nondegenerate (in fact, antisymmetric) bilinear form on the space Ext 1 (M, M) which is identified with the tangent space at M to the moduli space M X,G of G-modules on X, so we get a non-degenerate 2-form on this moduli space. One can use properties of the Serre duality to show that this form is closed.
Lemma 11. The form Ω Loc coincides with the one just described, where we put X = T * C (1) , and G = G D is the gerbe corresponding to the Azumaya algebra D C .
Proof sketch. It is known that (in any characteristic) the category of D-modules on a smooth variety Z admits a Serre functor S Z which, moreover, is canonically isomorphic to the shift by 2 dim Z. The same is true for D ′ -modules where D ′ is any twisted differential operator algebra. We will need the case D ′ = D C,ω 1/2 . The lemma will follow from the following two statements:
• The curvature of (L, ∇) det coincides with the 2-form constructed from this isomorphism S C ∼ = [2] .
• The composite equivalence
is compatible with the trivializations of Serre functors. The first statement makes sense in any characteristic and should be well known. As for the second statement, the difference between two trivializations is an invertible function on T * C (1) , therefore a constant. With a little more work, one can show that this constant is equal to 1. Proof sketch. The proposition follows from the functoriality of the Serre duality. Namely, if we have a symplectic surface (X, Ω) with a G m -gerbe G and an automorphism φ of the pair (X, G) such that φ * Ω = λΩ for some λ ∈ k × , then the corresponding automorphismφ of the moduli space M G of (coherent, properly supported) G-modules will satisfyφ
* Ω MG = λΩ MG where Ω MG is the symplectic form constructed by the Serre duality. One can also formulate an in-families version of this statement. In particular, if we take X = T * C is equivalent to G θ where θ is the canonical 1-form on T * C. One easily checks that G θ depends additively on θ in the sense that
1 G D where θ here is considered as a relative 1-form on T * C (1) ×D over D, and e :
given by fiberwise multiplication by ε. Now, e factors through the 1st infinitesimal neighborhood Z 1 of the zero section in T * C (1) . Therefore the above equivalence Φ can be constructed from any trivialization Ψ of G D on Z 1 which coincides with the canonical trivialization on the zero section. We assume from now on that Φ is obtained in this way. Note that, given Ψ, one can construct a family of equivalences (17) Φ c : pr * 1 G cθ ∼ h * pr * 1 G cθ parametrized by c ∈ k (we just have to replace e by fiberwise dilation by cε). One can check that Φ c is additive in c, i. e. compatible with the equivalence G (c+c ′ )θ ∼ G cθ · G c ′ θ and, if c ∈ k × , Φ c is obtained from Φ by conjugation with dilation by c on T * C (1) .
Proposition 14. If the equivalence Φ is from the class just described then, in the notation of (15) (for any c ∈ k \ F p ), we have
2 Ω Loc . This will follow from a more general statement:
Lemma 15. Let X be a symplectic surface, G, G ′ , G ′′ three G m -gerbes on it, and suppose we are given an equivalence G ∼ G ′ · G ′′ . Consider the corresponding
X,G ′′ endowed with symplectic structures. Clearly, T is identified with the sum of torsors T ′ and T ′′ , so we can define the graph of addition
Proof sketch. Suppose we want to prove that Γ is Lagrangian in a formal neighborhood of some point γ ∈ Γ, and letC ⊂ X be the corresponding spectral curve. Clearly one can replace X by the formal neighborhoodC ∧ ofC in X. Since H 2 (C ∧ , O) = 0, we can trivialize G onC ∧ . So we can assume that G is trivial. Then Γ is the graph of addition on Pic(C 0 X , B 0 X ). It is a well-known fact that this graph is Lagrangian (at least for the usual Hitchin fibration, i. e. for X = T * C).
Note that for X = T * C (1) , G = G cθ the torsor M 0 X,G is identified with T c from the previous subsection. Moreover, under this identification, we have c
. Therefore, formula (19) follows from Lemma 15 applied to
Denote by ξ 0,c the vector field on T c obtained from ξ 0 under the identification T c ∼ = Loc 0 . Then, in order to prove Proposition 18, we need to prove that the vector field η c = pr * 1 ξ 0,1+c + pr * 2 ξ 0,1 + pr * 3 ξ 0,c on T 1+c × T 1 × T c preserves Γ (because Γ is Lagrangian, and this vector field corresponds to the 1-form (1+c) −1 pr *
. To see this, note that ξ 0,c can be obtained the same way as ξ 0 with Φ replaced by Φ c from (17). Now, η c comes from an infinitesimal automorphism of the quadruple (X, G θ , G cθ , G (1+c)θ ) given by (h, Φ 1 , Φ c , Φ 1+c ). Additivity of Φ c in c implies that this automorphism is compatible with the equivalence G θ ·G cθ ∼ G (1+c)θ . Therefore η c preserves Γ, which is what we want.
Lemma 16. The extended curvatureθ of the determinant line bundle with connection (L, ∇) det on Loc sm is equal to δ(θ 0 ). Since δ is k-linear and compatible with pullbacks, Lemma 16 implies formula (15) and therefore Theorem 1.
Here we prove the following partial result:
(1) , δ and P are defined in 2.4, and β ′ 0 is some form on B (1) .
Proof sketch. Denoteα 0 =θ − δ(θ 0 ). We have already mentioned above that Q(δ(θ 0 )) = dθ 0 = Ω Loc = Q(θ). So Q(α 0 ) = 0, which means thatα 0 = P(α 0 ) for some α 0 ∈ Γ(B (1) , Ω 
Proof. We need to prove that t p ξ 0 extends to Loc sm . Recall that the value of ξ 0 at a point corresponding to a bundle with connection (or O-coherent D-module) M = (E, ∇) is given by the infinitesimal deformation M = (Ẽ,∇) of M constructed in 3.1.
We will think of M as an extension of M by itself. Recall that the construction of M in 3.1 uses the splitting of the gerbe G on the 1st infinitesimal neighborhood of zero section in T * C (1) . This splitting can be thought of as an extension of Dmodules 0 → T
C ) the class of this extension. We will also need the p-curvature of M thought of as a map
By unwinding the definition of M, it is not hard to check the following:
In order to construct the vector fieldξ 0 on Loc which we will also denote by σ. It is easy to see that the determinant line bundle with connection (L, ∇) det is invariant under σ, hence so is its curvature Ω Loc and extended curvatureθ. The vector field ξ 0 can also be shown to be invariant under σ. So the 1-form θ 0 is σ-invariant as well. Recalling that P(β 0 ) =θ − δ(θ 0 ), we see that β 0 must also be σ-invariant. Thus for the function F we get that it is invariant under an analogous involution on Higgs. But then for F ′ it means that it should be invariant under the action of −1 ∈ G m on B, whereas in the preceding paragraph we saw it is anti-invariant under the same element. The desired equality F ′ = 0 follows.
Appendix A. Twisted cotangent bundle to the moduli stack of coherent sheaves
The main goal of this appendix is to show that the twisted cotangent bundle to the stack of coherent sheaves on a smooth projective curve is identified with the stack of half-form twisted coherent D-modules on that curve. This is a characteristic-independent statement, except that we have to assume that the characteristic is not 2. In fact, we prove it for arbitrary base scheme S defined over Z [1/2] .
We will understand all derived categories in the higher-categorical (i. e. (∞, 1) or DG) sense, so that it makes sense to talk about homotopies between (1-)morphisms. (In fact, the (2, 1)-categorical level would suffice: all our morphism spaces will be 1-groupoids.)
A.1. Twisted cotangent bundles to stacks. Let S be a (Noetherian?) scheme and X π − → S a smooth Artin stack over S. For an R-point x of X where R is a commutative ring, consider the groupoid T X /S,x of all dotted arrows in the diagram
2 ) and ι : Spec R → D R , p : D R → Spec R are the natural morphisms. This is an R-linear Picard groupoid, so it corresponds to a 2-step complex of R-modules T • X /S,x living in degrees 0 and −1. This complex is perfect, compatible with derived base change and satisfies descent, and therefore defines a perfect object T
It is called the tangent complex of X over S. The cotangent stack is then defined as
0 is taken with respect to the natural t-structure on
Now let L be a line bundle on X and P → X the corresponding principle G m -bundle. Then T • P/S is a G m -equivariant complex and therefore descends to a complexT • X /S,L on X which fits into an exact triangle
We will sometimes refer toT
• X /S,L as the extended tangent complex. Now define the twisted cotangent stackT *
where the morphism from the first factor to A There is a closed substack Z ⊂ X consisting of points x ∈ X where i acts nontrivially on local cohomology. Then the mapT * L (X /S) → X factors through Z and over Z it looks like a torsor for T * (X /S). Another way to define the complexT • X /S,L is as follows. For an R-point x of X let BG a (R) denote the classifying groupoid for the group G a (R) = (R, +). We will define a functor δ ′ : T X /S,x → BG a (R). Namely, for anyx :
. The maps δ x for all R and x glue to a map δ :
• X /S,L can be reconstructed as "the" cone of δ.
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Below we write δ L instead of δ to show explicitly the dependence of δ on L. We will need the following lemma whose straightforward proof is omitted. 
A.2. The stack Coh(C) and its twisted cotangent bundle. Now let C → S be a smooth proper family of algebraic curves. We work with schemes over S throughout, so we will often drop "S" from the notation writing T X , T * X , ×, etc. instead of T X /S , T * (X /S), × S , etc. If R is a ring, and s : Spec R → S is an R-point of S, we will denote by C s or C R the base change of C by s, that is,
We consider the stack Coh(C) of coherent sheaves on fibers of C. Its groupoid of R-points is given by Coh(C)(R) = (s, F ) s ∈ S(R); F is an S ′ -flat coherent sheaf on C s .
Below we abbreviate Coh = Coh(C). Consider the determinant bundle L det on Coh. Its fiber at an R-point x of Coh corresponding to a coherent sheaf
From now on we assume that
We will be interested in the twisted cotangent stack corresponding to L det . Namely we will prove the following. 
The map α x corresponds to an extension
It is clear that, for any R and a map s : Spec R → S, the assignment F x → Φ s (F x ) defines a functor from the groupoid of R-flat coherent sheaves on C R to itself compatible with base-change of R. In other words, we have a morphism of stacks Φ : Coh → Coh. We will show that Φ s extends to non-invertible morphisms of sheaves and, moreover, has the following description:
Proposition 24. Let ∆ Denote also by p R , q R their base-change by s : Spec R → S. We have a canonical isomorphism
where ⊗1/2 denotes the canonical square root of the line bundle on ∆ 2 C which is trivial on ∆ C . (It exists and is essentially unique due to the assumption ( * ).)
Denote byΦ s (F ) the right-hand side of (27).
Proposition 24 implies Theorem 23. According to Remark 2, point 3, for any x : Spec R → Coh the elements of Hom Coh (Spec R,T * L det Coh) correspond bijectively to null-homotopies of the map δ x . By the Serre duality isomorphism, these are the same as null-homotopies of α x and therefore the same as splittings of (26). Now, using (27), it is not hard to see that these splittings correspond to (s×id C ) * D C,ω 1/2 -module structures on F x .
Lemma 25. For any s : Spec R → S the map of groupoids Φ s : Coh(R) → Coh(R) extends to a self-functor of the category of R-flat coherent sheaves on C × s Spec R. In other words, Φ s extends to non-invertible morphisms.
Proof. Let pr 1,2 : Coh × Coh ⇒ Coh be the projections and Σ : Coh × Coh → Coh the map classifying direct sum of coherent sheaves. By the properties of determinant, we have a canonical isomorphism
Applying Lemma 22 to L det and Σ yields a commutative diagram on the left:
Pulling it back under some (x, y) : Spec R → Coh × Coh, we obtain the diagram on the right (boxed). From (28) we see that the top arrow of this diagram is equal (canonically homotopic) to δ
p 2 where p 1 , p 2 are projections to the summands. Note also that the left vertical arrow is given by direct sum of (derived) endomorphisms. Now if we apply the Serre duality to the boxed diagram, we get α Σ(x,y) = α x ⊕ α y : F x ⊕ F y −→ (F x ⊕ F y ) ⊗ ω CR/R [1] .
(Note that the 'equals' sign here again really means 'canonically homotopic.') In other words, we have an isomorphism
We already know that Φ s is functorial with respect to isomorphisms, so Φ s (F x ⊕ F y ) is acted on by the automorphism group of F x ⊕ F y . Moreover, since Φ is compatible with base change, we have an action of the group-scheme over R given by R ′ → Aut((F x ⊕ F y ) ⊗ R R ′ ). In particular, consider the automorphism a f = idF x 0 f idF y for some f : F x → F y . It can be shown that Φ(a f ) has the form . Now we let Φ(f ) =f . Using triple direct sums, one can prove that Φ(g • f ) = Φ(g) • Φ(f ) for any g : F y → F z .
Lemma 26. Let L be a line bundle on Spec R and p an R-point of C. Let γ p = (p, id Spec R ) : Spec R → C R = C × Spec R be the embedding of the graph of p. Then Proposition 24 holds for F = γ p * L.
Proof. Let x : Spec R → Coh be the point corresponding to F and Γ p = γ p (Spec R) = supp F ⊂ C R . First we will show that the two extensions of F ⊗ ω by F in the two sides of (27) have the same class in Ext 1 (F , F ⊗ ω). Note that for the "relative skyscraper" as in the lemma, this R-module is identified with R. We claim that the classes of both extensions are equal to 1 under this identification. For the RHS of (27) we have pushforward of a line bundle on the 2nd infinitesimal neighborhood of Γ p whose restriction to Γ p is L. Now the statement can be easily seen from the construction of the identification.
For the LHS we are interested in the image of α x under the projection
By Serre duality, this map is dual to (End F ∨ ∼ = RHom(F σ(x) , F σ(x) ⊗ ω) is given by taking dual morphism. Hence the morphism δ x is dual to δ σ(x) , and therefore Φ s (F x ) ∼ = (Φ s (F σ(x) )) ∨ .
Restricting to Coh [1] , for the torsor A we get (σ| Coh [1] ) * A ∼ = −A. On the other hand, any G a -torsor on Coh
[1] ∼ = C × BG m descends to a torsorÃ on C. We get A ∼ = −Ã and thusÃ is trivial due to ( * ), so we are done.
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Lemma 27. Suppose x is an R-point of Coh corresponding to a line bundle L on C R . Then Proposition 24 holds for x.
Proof. Consider the S-scheme S ′ := C R and let ∆ : C R → C S ′ = C × S C × S Spec R be the diagonal embedding. Let L S ′ be the line bundle on C S ′ obtained from L by base-change along S ′ → Spec R. Now consider the map of coherent sheaves on C S ′ :
neighborhood of the "diagonal" or, more precisely, of the graph of v : I → T * C (1) . The restriction of this D-module to the graph itself is a line bundle on I with connection which we will denote by (L univ , ∇ univ ).
Proposition 29. There is a canonical isomorphism of line bundles with connections on I :
